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1. Introduction

Consider the following singularly perturbed initial value problem

(εu′
ε + a(u2

ε − g2))(x) = 0, x > 0, uε(0) = A, (1a)
a(x) ≥ α > 0, g(x) ≥ γ > 0, x ≥ 0, (1b)

uε(0) + γ > 0 (1c)

where a, g ∈ C1[0, L) and 0 < ε ≤ 1 is the perturbation parameter. Throughout this paper C
will denote a generic constant independent of ε and the number of mesh points N . In general,
the solution of this initial value problem will have steep gradients in an O(ε)-neighbourhood of
the point x = 0. We define a reduced solution y0 of the equation εy′ = f(x, y) to be a continuous
function such that f(x, y0) = 0, and we say that a reduced solution is stable if fy(x, y0) < 0.
In the particular case of problem (1), there are two reduced solutions +g,−g, of which only +g
is stable. If |g(x)| > 0, x ∈ [0, L] then the stable and unstable reduced solutions are distinct
at all points x ∈ [0, L]. The conditions a(x) ≥ α > 0, γ > 0, uε(0) + γ > 0 ensure that for
x > 0, uε → g as ε → 0. Note that the problem

εy′ε + a(x)y2
ε + b(x)yε + c(x) = 0, x > 0, yε(0) = A

can be transformed into (1) if we assume that b2 − 4ac > 0. The other cases of b2 − 4ac < 0 and
b2 − 4ac = 0 are discussed in [4].

We first cite some existence results for the more general initial value problem. Given f ∈
C[I × R, R], find y such that

εy′ = f(x, y), x ∈ I = (0, L] y(0) = y0. (2)

A function y ∈ C1[I, R] is an upper solution of (2) if

εy′ ≥ f(x, y), x ∈ I, y(0) ≥ y(0).

A lower solution y is defined analogously.
Theorem 1. ([2], page 19) Let y, y ∈ C1[I, R] be lower and upper solutions of (2) such that
y(x) ≤ y(x), x ∈ I and f ∈ C[Dy,y, R], where Dy,y = {(x, y) : y(x) ≤ y ≤ y(x), x ∈ I}. Then
there exists a solution y(x) of (2) such that y(x) ≤ y(x) ≤ y(x), x ∈ I.
Theorem 2. There exists a unique solution uε ∈ C2[I, R] to (1) and

min{uε(0), γ} ≤ uε(x) ≤ max{uε(0), ‖g‖}, x ∈ [0, 1].

Proof. Rewrite (1) in the form εu′
ε = −a(u2

ε − g2) and check that u = min{uε(0), γ} and
u = max{uε(0), ‖g‖} are lower and upper solutions. Note that for the lower solution, we can
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argue as follows: when u ≥ 0, then u2 ≤ γ2. If u < 0, then u = uε(0) and using uε(0) + γ > 0
we get that

g2 − u2 = (g2 − γ2) + (γ2 − u2
ε(0)) ≥ 0.

Theorem 1 guarantees the existence of uε ∈ C1[I, R] as a solution, but since εu′
ε = −a(u2

ε − g2),
we have that uε ∈ C2[I, R]. Let u1, u2 be two solutions of (1). For f(x, y) = a(g2 − y2) then
|fy(x, y)| ≤ C, (x, y) ∈ [0, L] × [min{uε(0), γ},max{uε(0), ‖g‖}] which guarantees uniqueness.

2. Solution Decomposition

Let uε = vε + wε, where the regular component is defined as the solution of

(εv′ε + a(v2
ε − g2))(x) = 0, x > 0, vε(0) = g(0). (3)

¿From Theorem 2, a unique vε exists and ‖g‖ ≥ vε(x) ≥ γ > 0. Let χ = vε − g, which satisfies

εχ′ + a(vε + g)χ = −εg′, χ(0) = 0.

Note the following. For any function w ∈ C1(I),

if (εw′ + kw)(x) ≥ 0, w(0) ≥ 0 and k(x) ≥ 0 then w(x) ≥ 0, ∀x ≥ 0. (4)

This is easily established from a contradiction argument. Using this, we establish that

‖vε − g‖ ≤ C1ε, C1 =
‖g′‖
2αγ

.

Note also that
εv′ε = −a(vε − g)(vε + g)

which implies that
‖v′ε‖ ≤ C.

The singular component is the solution of

(εw′
ε + a(uε + vε)wε)(x) = 0, x > 0, wε(0) = uε(0) − g(0). (5)

Note that uε + vε ≥ min{uε(0), γ} + γ > 0. Then, using w = min{uε(0) − g(0), 0} and w =
|uε(0)− g(0)| as lower and upper solutions, we establish the existence of wε. Also, applying the
comparison principle (4) we conclude that

|wε(x)| ≤ |uε(0) − g(0)|e−α(min{uε(0),γ}+γ)x/ε. (6)

Theorem 3. The solution uε of (1) can be written as the linear combination uε = vε + wε,
where vε and wε are, respectively, the unique solutions of (3) and (5). We have the following
bounds on these components and their derivatives. For i = 0, 1, 2,

‖v(i)‖ ≤ C(1 + ε1−i), |w(i)(x)| ≤ Cε−ie−α(min{uε(0),γ}+γ)x/ε. (7)

3. Discrete Problem

We use a simple implicit nonlinear finite difference method

(εD−Uε + a(U2
ε − g2))(xi) = 0, xi ∈ ΩN

ε , Uε(0) = uε(0) (8)

where the fitted mesh on [0, 1] is defined to be

ΩN
ε = {xi|xi =

2iσ

N
, i ≤ N

2
, xi = σ +

2(i − N/2)(1 − σ)
N

, i ≥ N

2
}.
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The choice of the transition point σ is motivated by the bound (6), which suggests

σ = min{0.5, Mε lnN}, M ≡ 1
α(min{uε(0), γ} + γ)

. (9)

This type of piecewise-uniform mesh is often referred to as a Shishkin mesh in the literature
[1, 5]. In what follows, mesh functions will be denoted by capital letters.
Theorem 4. Assume there exist mesh functions U,U such that U ≤ U , U(0) ≤ Uε(0) ≤ U(0)
and

(εD−U + a(U2 − g2))(xi) ≤ 0 ≤ (εD−U + a(U2 − g2))(xi), xi > 0

then there exists a solution Uε to (8) and U ≤ Uε ≤ U .
Proof. First we establish existence at the first internal mesh point x1. Let T : R → R be a
continuous map defined by

Tz = z + ρ(z2 − g2(x1)) − Uε(0), ρ =
a(x1)(x1 − x0)

ε
.

Then TU(x1) = (U+ρ(U2−g2(x1)))−Uε(0) ≤ U(0)−Uε(0) ≤ 0 and, likewise, TU(x1) ≥ 0. This
implies that there exists a value Uε(x1) such that TUε(x1) = 0 and U(x1) ≤ Uε(x1) ≤ U(x1).
The proof is completed inductively.
Corollary 5. There exists a unique solution to (8) and

min{uε(0), γ} ≤ Uε(xi) ≤ max{uε(0), ‖g‖}, xi ∈ ΩN .

Proof. Let U = min{uε(0), γ} and U = max{uε(0), ‖g‖} with Theorem 4 to establish existence.
Note also that, for the mapping T , defined in the proof of Theorem 4, we also have that at each
xi T ′′z = 2ρ > 0, TU ≤ 0, TU ≥ 0. Hence the value Uε(x1) for which TUε(x1) = 0 is unique in
the range [U,U ].

4. Error analysis

The discrete solution can be decomposed into the sum Uε = Vε + Wε, where Vε is the solution
of the nonlinear difference scheme

(εD−Vε + a(V 2
ε − g2))(xi) = 0, xi ∈ ΩN

ε , Vε(0) = g(0) (10)

and Wε is the solution of the nonlinear difference scheme

(εD−Wε + a(Uε + Vε)Wε)(xi) = 0, xi ∈ ΩN
ε , Wε(0) = uε(0) − g(0). (11)

Note that, by Corollary 5,
0 < γ ≤ Vε(xi) ≤ ‖g‖, xi ∈ ΩN

and Uε + Vε ≥ min{uε(0), γ} + γ > 0. From the bounds on the derivatives of the components
(7), the following truncation error estimates are easily derived

ε|(D−vε − v′ε)(xi)| ≤ CN−1 (12a)
ε|(D−wε − w′

ε)(xi)| ≤ CN−1 lnN, σ = 0.5 (12b)
ε|(D−wε − w′

ε)(xi)| ≤ CN−1 lnN, σ ≤ 0.5, xi ≤ σ (12c)
ε|(D−wε − w′

ε)(xi)| ≤ C‖wε‖[xi−1,xi] ≤ CN−1, σ < 0.5, xi > σ. (12d)

Note that in the last inequality, it is crucial that uε(0) + γ ≥ δ > 0, with δ independent of ε, so
that the layer is computationally negligible beyond the transition point, σ.
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Theorem 6. If vε and Vε are the solutions of (3) and (10), respectively, then

|(Vε − vε)(xi)| ≤ CN−1, ∀xi ∈ ΩN
ε .

Proof. The discrete version of (4) holds. That is: for any mesh function W and any set of mesh
points {xi} , the following discrete comparison principle holds.

If (εD−W + kW )(xi) ≥ 0, W (0) ≥ 0 and k(xi) ≥ 0, ∀ i, then W (xi) ≥ 0, ∀xi ≥ 0. (13)

At all internal mesh points

(εD−Vε + a(V 2
ε − g2))(xi) = εv′ε + a(v2

ε − g2)

which implies that

(εD−(Vε − vε) + a(Vε + vε)(Vε − vε))(xi) = ε(v′ε − D−vε)(xi)

Using the fact that (Vε +vε)(xi) ≥ 2γ > 0, (12a), (13) and the barrier function CN−1 completes
the proof.

We now further restrict the range of uε(0) by assuming that

uε(0) > 0. (14)

Theorem 7. Assume (14) and that N ≥ N0, where N0 is sufficiently large, independently of ε.
If wε and Wε are the solutions of (5) and (11), respectively, then

|Wε − wε| ≤ CN−1(lnN)2, ∀xi ∈ ΩN
ε .

Proof. At each internal mesh point

(εD−Wε + a(Uε + Vε)Wε) = εw′
ε + a(uε + vε)wε

which implies that

(εD−(Wε − wε) + a(Uε + Vε + wε)(Wε − wε))(xi) = ε(w′
ε − D−wε) − 2(Vε − vε)wε ≡ τ

¿From the truncation error bounds, we have that |τ | ≤ CN−1 lnN . The argument splits into
the two cases of uε(0) ≥ g(0) and uε(0) < g(0). In the first case where uε(0) ≥ g(0), then wε ≥ 0
and Uε +Vε +wε ≥ min{uε(0), γ}+γ > 0. The barrier function CN−1 lnN and using (12), (13)
completes the proof in this case. In the other case of uε(0) < g(0), we further subdivide the
proof into the cases of σ < 0.5 and σ = 0.5. We first deal with the case of σ < 0.5. From (11),

Wε(xi) =
(
1 +

a(Uε + Vε)(xi)hi

ε

)−1
Wε(xi−1), hi = xi − xi−1,

and thus

|Wε(xi)| ≤ C
i∏

j=1

(
1 +

α(min{uε(0), γ} + γ)hj

ε

)−1
.

For the mesh points outside the layer region, i ≥ N/2

|Wε(xi)| ≤ |Wε(σ)| ≤ C
(
1 +

2 lnN

N

)−N/2 ≤ CN−1.

If xi ≥ σ, then
|Wε(xi) − wε(xi)| ≤ |Wε(xi)| + |wε(xi)| ≤ CN−1.
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Let E(xi) = (Wε − wε)(xi), then

(
1 +

c(xi)hi

ε

)
E(xi) =

hiτi

ε
+ E(xi−1)

where
c(x) ≡ a(x)(Uε + Vε + wε)(x).

Note that
Uε + Vε + wε = Vε − vε + Uε + uε ≥ 2 min{γ, uε(0)} − CN−1.

For mesh points in the layer,
hi

ε
= 2MN−1 lnN.

For N sufficiently large and using (14) we conclude that

1 +
c(xi)hi

ε
≥ 1

This gives for xi < σ

|E(xi)| ≤
hi

ε
τi + |E(xi−1)|.

Summing the errors from x1 to xj < σ yields

|E(xj)| ≤ CN−1(lnN)2, xj < σ.

In the case of a uniform mesh, σ = 0.5, the above argument is repeated over the entire mesh
and use the fact that in this case ε−1 ≤ 2M lnN and

hi

ε
≤ 2MN−1 lnN.

5. Numerical Results

Below we present numerical results for the following particular problems

(εu′
ε + (u2

ε − g2))(x) = 0, x ∈ (0, 1), uε(0) = A. (15)

We define the maximum pointwise two–mesh differences DN
ε and the ε–uniform maximum point-

wise two–mesh differences DN [3] to be

DN
ε = ‖UN

ε − U
2N
ε ‖ΩN

ε
, DN = max

ε
DN

ε . (16)

where U
N
ε is the piecewise linear interpolants of the numerical solutions UN

ε . Approximations
to the orders pN

ε and ε–uniform orders pN are defined by

pN
ε = log2

DN
ε

D2N
ε

, pN = log2

DN

D2N
(17)

Tables 1,2 and 3 give the computed rates of convergence pN
ε and the uniform rates of convergence

pN for different choices of g and A. We see that parameter–uniform convergence is established
when N is sufficiently large. The Tables suggest that (14) is a conservative lower bound on uε(0)
for these problems.
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Number of mesh points, N
ε 8 16 32 64 128 256 512 1024 2048

2−0 0.91 0.96 0.98 0.99 1.00 1.00 1.00 1.00 1.00
2−2 0.94 0.97 0.99 0.99 1.00 1.00 1.00 1.00 1.00
2−4 0.86 0.84 0.97 0.97 0.98 0.99 0.99 1.00 1.00
2−6 -1.12 -.84 0.88 0.83 0.98 0.95 0.97 0.99 0.99
2−8 -.76 -.38 0.22 0.34 0.50 0.79 0.72 0.82 0.82

2−10 -.81 -.41 0.21 0.34 0.50 0.79 0.72 0.82 0.82
2−12 -.82 -.41 0.21 0.33 0.50 0.79 0.72 0.82 0.82

pN 0.86 -.68 0.88 0.83 0.53 0.79 0.72 0.82 0.82

Table 1: Computed rates of convergence pN
ε and the uniform rates of convergence pN for

g(x) = 2x(x − 1) + 1, A = −0.4.

Number of mesh points, N
ε 8 16 32 64 128 256 512 1024 2048

2−0 0.99 0.99 0.99 1.00 1.00 1.00 1.00 1.00 1.00
2−2 0.94 0.96 0.97 0.97 0.99 0.99 1.00 1.00 1.00
2−4 -.11 0.90 0.93 0.95 0.96 0.97 0.98 0.99 1.00
2−6 -1.49 -1.32 -.14 0.90 0.93 0.95 0.96 0.97 0.98
2−8 -.96 -.71 -.43 0.10 0.50 0.66 0.68 0.78 0.84

2−10 -.97 -.71 -.43 0.10 0.50 0.66 0.68 0.78 0.84
2−12 -.97 -.71 -.43 0.10 0.50 0.66 0.68 0.78 0.84

pN -.11 0.17 -.14 0.90 0.63 0.66 0.68 0.78 0.84

Table 2: Computed rates of convergence pN
ε and the uniform rates of convergence pN for

g(x) = 2 − x, A = −0.9.

Number of mesh points, N
ε 8 16 32 64 128 256 512 1024 2048

2−0 0.96 0.99 0.99 1.00 1.00 1.00 1.00 1.00 1.00
2−2 0.63 0.91 0.98 0.99 0.99 1.00 1.00 1.00 1.00
2−4 0.07 -.81 0.89 0.96 0.99 1.00 1.00 1.00 1.00
2−6 -1.57 -.81 -.15 -.59 0.96 1.01 0.99 1.00 1.00
2−8 -.80 -.14 0.53 -2.31 0.27 0.71 0.84 0.85 0.86

2−10 -.78 -.13 0.54 -2.32 0.28 0.70 0.84 0.86 0.87
2−12 -.77 -.13 0.54 -2.32 0.28 0.70 0.84 0.86 0.87

pN 0.63 -.77 0.57 -.59 0.47 0.71 0.84 0.85 0.86

Table 3: Computed rates of convergence pN
ε and the uniform rates of convergence pN for

g(x) = x(1 − x) + 1, A = −0.9.
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